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Abstract
We show that the Lorentzian Snyder models, together with their Galilei and Carroll limiting
cases, can be rigorously constructed through the projective geometry description of Lorentzian,
Galilean and Carrollian spaces with nonvanishing constant curvature. The projective coordi-
nates of such curved spaces take the role of momenta, while translation generators over the same
spaces are identified with noncommutative spacetime coordinates. In this way, one obtains a
deformed phase space algebra, which fully characterizes the Snyder model and is invariant under
boosts and rotations of the relevant kinematical symmetries. While the momentum space of the
Lorentzian Snyder models is given by certain projective coordinates on (Anti-)de Sitter spaces,
we discover that the momentum space of the Galilean (Carrollian) Snyder models is given by
certain projective coordinates on curved Carroll (Newton–Hooke) spaces. This exchange be-
tween the Galilei and Carroll limits emerging in the transition from the geometric picture to the
phase space picture is traced back to an interchange of the role of coordinates and translation
operators. As a physically relevant feature, we find that in Galilean Snyder spacetimes the
time coordinate does not commute with space coordinates, in contrast with previous proposals
for non-relativistic Snyder models, which assume that time and space decouple in the non-
relativistic limit c → ∞. This remnant mixing between space and time in the non-relativistic
limit is a quite general Planck-scale effect found in several quantum spacetime models.
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1 Introduction
In 1947 Hartland Snyder developed the first concrete model of a quantum noncommutative space-
time [1], motivated by the search for a resolution of the divergencies problem in quantum field
theory, which was later solved by renormalization. In order to minimize departures from the
standard theory, the model was constructed so to retain Lorentz invariance despite the discrete
spectrum of the spatial coordinates operators. The kind of spacetime noncommutativity envisaged
in Snyder’s model implies a deformation of the phase space algebra: while momentum operators are
commutative and have the usual transformation properties under Lorentz transformations, their
commutators with coordinates are a deformation of the usual Heisenberg–Weyl commutators. This
feature contributed to the revival of the model in the ’90s, after decades of near oblivion. In
fact, it was realised that Snyder’s work provided a neat example of the emergence of a minimal
length uncertainty and the associated generalised uncertainty principle (GUP) at the Planck scale,
a possibility on which developments in quantum gravity research focused the attention at that time
[2, 3, 4, 5].
While GUP models can be expressed in a covariant form [6], that contains the Snyder model
as a special case, most applications of the GUP involve physical frameworks where only (modified)
quantum mechanics is relevant, rather than relativistic quantum field theory [7, 8, 9, 10].1 For this
reason GUP models are mostly studied by restricting the attention to the spatial part of phase
space, assuming that time and energy retain the properties they have in usual quantum mechanics.
Likewise, in physical applications the original Snyder’s model is usually restricted to the Euclidean
space, assuming that this, together with trivial time and energy variables, describes the appropriate
quantum-mechanical “non-relativistic” limit [14, 15, 16].
However, this seems to be an oversimplification since in the quantum-mechanical regime space-
time symmetries are described by the Galilean transformations, which can be obtained as a c→∞
limit of the Lorentz transformations. In ordinary physics the Galilean limit does imply a sepa-
ration between space-like and time-like sectors of the phase space, but this is not necessarily the
case within a quantum gravity theory. Indeed, in this paper we show that relics of the phase space
deformations that characterize the Lorentz-invariant Snyder model induce a residual noncommuta-
tivity between the spatial and time sections of the phase space after the Galilean limit is performed.
This Galilean Snyder model is the main result of this work, and in order to construct it, we use the
framework of projective geometry to define the deformed phase space algebra, a method which has
already proven suitable for the covariant Snyder model, as we review in detail in this paper and
briefly summarize in the following.
The essential idea behind the Snyder model is to take as noncommutative position operators the
generators of infinitesimal translations on a maximally symmetric curved space (these translations
are noncommutative since the manifold is curved), and to identify the momentum space with the
very same (commutative) curved space, but described in terms of projective Beltrami coordinates.
In particular, the curved space originally chosen by Snyder is the (3+1)-dimensional de Sitter space
1For recent advancements on the development of quantum field theory for the Snyder model see [11, 12, 13].
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dS(3+1), constructed as the homogeneous space
dS(3+1) = G/H = SO(4, 1)/SO(3, 1), (1)
where SO(4, 1) is the group of isometries, and the isotropy subgroup H = SO(3, 1) is the Lorentz
group. In this way, the position operators identified with the noncommutative translations on the
homogeneous space are invariant under the isotropy subgroup (Lorentz) by construction, and the
momentum space, defined in terms of the dS(3+1) projective Beltrami coordinates, is also Lorentz
invariant.
The aim of this paper is to show that such projective geometry approach enables the construction
of other “Snyder-type” noncommutative spacetime models and their associated phase space algebras
in a “canonical” way induced by the projective geometry of kinematical groups and spaces. This
can be done by starting from a generic homogeneous space M = G/H with constant curvature.
Then the Snyder-type noncommutative spacetime is defined by identifying its coordinates with
the infinitesimal generators of translations onto M , while the associated curved momentum space
is given by the same M , with momenta identified with some projective coordinates of M . By
construction, both the noncommutative space and the curved momentum space are invariant under
H, and the model will be characterized algebraically by the corresponding phase space algebra.
In this paper we explicitly construct the following generalized Snyder models:
• The Snyder spacetime and phase space algebra arising from the Anti-de Sitter space. This
model, together with the original Snyder model based on de Sitter space, gives rise to what we
call the Snyder–Lorentzian models, SL± in short, that are invariant under the Lorentz group
H = SO(3, 1). Here, the + sign refers to the original Snyder model (de Sitter momentum
space with positive cosmological constant), while SL− denotes the model with Anti-de Sitter
momentum space, known in the literature as the Anti-Snyder model [14].
• The Snyder–Euclidean models SE±, arising from spherical (+) and hyperbolic (−) curved
momentum spaces, which are rotationally invariant (with H = SO(N) for the N -dimensional
Snyder–Euclidean model).
• The Snyder–Galilean models SG±, that can be obtained as the non-relativistic c→∞ limit
of the Snyder–Lorentzian models, and whose curved momentum spaces turn out to be the
constant curvature analogues of the Carroll spacetime. These models are invariant under
the non-relativistic limit of the Lorentz group, which is given by three rotations and three
(commuting) boosts.
• The Snyder–Carrollian models SC±, that can be obtained as a second non-relativistic limit
[17] of the Snyder–Lorentzian models, and whose curved momentum spaces are shown to be
the constant curvature analogues of the Galilean spacetime (i.e., the Newton–Hooke space-
times). Such a non-relativistic limit is often called in the literature the “ultra-relativistic”
c→ 0 limit (see [18, 19, 20, 21, 22] and references therein), so that we shall keep this termi-
nology in order to distinguish it from the usual Galilean non-relativistic c →∞ limit. Thus
these models are invariant under the “ultra-relativistic” limit of the Lorentz group, which is
given again by three rotations and three (commuting) boosts.2
Note the apparent exchange of the roles played by curved Carrollian and Galilean geometries as
momentum spaces for, respectively, the new non-relativistic and “ultra-relativistic” Snyder models.
This will be commented upon later in the paper.
2While the algebra of rotations and boosts is the same (isomorphic) for the c→∞ and c→ 0 limits of the Lorentz
generators, the action of boosts on spacetime coordinates of course differs in the two cases, so that one can indeed
distinguish between Galilean and Carrollian boosts.
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The plan of the paper is as follows. In section 2 we review Snyder’s model, following the original
presentation. In section 3 we use projective geometry to construct the Snyder–Euclidean models.
Here, we also make a digression to show that different viable momentum spaces can be defined by
different choices of projective coordinates (like for instance Poincare´ projective coordinates). In
this case the phase space algebra takes a different form, although there exists a change of variables
relating the different momentum variables. This kind of freedom in the definition of momentum
space was briefly mentioned in Snyder’s paper, but its meaning can clearly be understood under
the geometric perspective here presented. In section 4 we construct the Snyder–Lorentzian models,
showing that we recover Snyder’s original model when considering the de Sitter space as the curved
momentum space. Here we also show that starting from the Snyder–Lorentzian models one recovers
the Snyder–Euclidean models when quitting the time and energy variables, a procedure that was
until now used to define the “non-relativistic” Snyder model. That this is not the correct procedure
becomes clear in section 5, where we construct the Snyder–Galilean and the Snyder–Carrollian
models by taking, respectively, the appropriate c→∞ and c→ 0 limits of the Snyder–Lorentzian
models. The main feature of the Snyder–Galilean models turns out to be the existence of non-
vanishing commutation rules between the time and the space coordinates, and the fact that the
associated curved spaces are the ones corresponding to curved Carrollian geometries. In turn,
the Snyder–Carrollian models provide a non-vanishing set of commutation rules between time and
space coordinates, but now the latter commute among themselves, in contrast to what found in the
Galilean case. Finally, the momentum spaces of the Snyder–Carrollian models are provided by the
curved analogues of the Galiei spacetimes (the Newton–Hooke spaces). This apparent interchange
between the Galilean and Carrollian symmetries of Snyder models is analysed and explained in
subsection 5.3. The concluding section includes a schematic table summarizing the main results
obtained in the paper and emphasizes the fact that the residual noncommutative interplay between
time and space found in the Galilean and Carrollian Snyder models is also a recurrent feature of
noncommutative Galilean spacetimes with quantum group symmetry, whose role in (2+1) quantum
gravity is well-established.
2 Snyder spacetime revisited
In his original work [1] Snyder investigated whether spacetime coordinates can be made into non-
commuting operators without spoiling special-relativistic Lorentz invariance. While Lorentz invari-
ance might seem in contradiction with the fundamental length scale introduced by the noncom-
mutativity scale, Snyder made the crucial observation that the generators of translations in a de
Sitter manifold are indeed Lorentz invariant and do not commute among themselves, because of
the manifold’s curvature. So one can identify these translation generators with actual spacetime
coordinates and obtain a discretized spacetime, where coordinates have a Lorentz-invariant spec-
trum. In this section we briefly revisit Snyder’s original work, and we use units such that ~ = 1
(in the rest of the paper we will make ~ explicit). Throughout the paper we use capital Latin
letters for indices ranging from 0 to 4, lowercase Latin letters for indices ranging from 1 to 3 and
Greek letters for indices ranging from 0 to 3. Our convention for the metric is such that the metric
contains mostly minus signs.
The (3+1)-dimensional de Sitter manifold can be constructed via an embedding into a (4+1)-
dimensional Minkowski manifold defined by the quadratic constraint
− η2 = η20 − η21 − η22 − η23 − η24 , (2)
where ηA are the coordinates of the Minkowski manifold and η is the de Sitter radius of curvature.
The Lorentz group acting on the ambient space is generated by
MAB = i(ηA∂B − ηB∂A), (3)
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where ∂A = ηAB
∂
∂ηB
and ηAB = diag[1,−1,−1,−1,−1]. These generators satisfy the commutation
relations
[MAB ,MCD] = i (ηBCMAD + ηBDMCA + ηADMBC + ηCAMDB) (4)
and leave the quadratic constraint (2) invariant. In particular, the generators of translations Tα,
rotations Li, and boosts Mi on the de Sitter manifold are:
T0 =M40 , Ti =M4i , Li =
1
2
ǫijkMjk , Mi =Mi0 (5)
and satisfy the usual so(4, 1) Lie algebra commutation rules:
[Li, Lj ] = iǫijkLk, [Li, Tj ] = iǫijkTk, [Li,Mj ] = iǫijkMk,
[Mi, T0] = iTi, [Mi, Tj ] = iδijT0, [Mi,Mj ] = −iǫijkLk,
[T0, Ti] = −iMi, [Ti, Tj ] = iǫijkLk, [T0, Li] = 0.
(6)
Starting from this de Sitter algebra, the Snyder model is built by identifying the translation
generators with spacetime coordinates onto a noncommutative Minkowski spacetime:3
xi := −aTi = −ia (η4∂i − ηi∂4) = ia
(
η4
∂
∂ηi
− ηi ∂
∂η4
)
,
x0 :=
a
c
T0 = i
a
c
(η4∂0 − η0∂4) = ia
c
(
η4
∂
∂η0
+ η0
∂
∂η4
)
, (7)
where we introduced a rescaling by a dimensionful parameter a, with dimensions of length, and
by the speed of light c, so to have coordinates with the correct physical dimensions. In this way
spacetime coordinates inherit the noncommutativity of the generators of translations of the de
Sitter algebra, and the parameter a takes the role of a noncommutativity parameter
[xi, xj ] = a2
(
ηi
∂
∂ηj
− ηj ∂
∂ηi
)
, [x0, xi] = −a
2
c
(
ηi
∂
∂η0
+ η0
∂
∂ηi
)
. (8)
It easy to check that the quadratic form
S2 = (x0)2 − 1
c2
(
(x1)2 + (x2)2 + (x3)2
)
, (9)
constructed with the noncommutative coordinates (7), is left invariant by the generators of ro-
tations and boosts defined in (5). So these coordinates are a noncommutative generalization of
the Minkowski coordinates and are invariant under the same Lorentz symmetries. The Lorentz
invariance of the noncommutative spacetime just defined is also reflected in the fact that the com-
mutators between coordinates are covariant under Lorentz transformations. This is made apparent
by noticing that the commutators can be written as:
[x0, xi] = i
a2
c
Mi , [x
i, xj ] = ia2ǫijkLk . (10)
Without any need to introduce further structure one can also show that the spatial coordinates just
defined have a discrete spectrum which is Lorentz invariant [1]. We stress that the c parameter has
been introduced in (7) for dimensional reasons. As we will show in the rest of the paper, c must be
appropriately included also within the so(4, 1) algebra and all its associated geometric structures in
order to allow us to perform the non-relativistic limit in a consistent way (for instance, the physical
boost is Ki =Mi/c, see eq. (14)).
3Note that physical coordinates are contravariant objects.
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The definition of the full Snyder phase space requires to identify the momenta pα. They are
required to close the usual Poincare´ algebra with the Lorentz sector (i.e. behave as vectors under
Lorentz transformations) and be commutative, in analogy to the momenta associated to commu-
tative Minkowski coordinates. So momenta must satisfy the following relations:4
[pα, pβ ] = 0 ,
[p0,Mi] = −i c pi ,
[pi,Mj ] = −i δij p0
c
, (11)
[p0, Li] = 0 ,
[pj, Li] = −i ǫijk pk .
A possible solution is given by [1]:
pi =
1
a
ηi
η4
, p0 =
c
a
η0
η4
, (12)
which means that the momenta are proportional to the projective (Beltrami) coordinates of the de
Sitter space (2), and therefore the momentum space of the Snyder model is a de Sitter manifold.
The measure on momentum space is thus induced from the de Sitter measure by using (12) as the
change of variables from the embedding coordinates ηA to the coordinates pα:
dτ =
dp1dp2dp3dp0
ac
(
p21 + p
2
2 + p
2
3 +
1
a2
− p20
c2
)5/2 . (13)
In terms of these commutative momenta and the noncommutative coordinates (7) the Lorentz
generators can be represented in the usual way on phase space,
Mi = c pix
0 +
1
c
p0x
i , Li = ǫijkx
jpk , (14)
and here it becomes evident that the physical boost is Ki = Mi/c, which has a well-defined non-
relativistic limit c→∞.
As a consequence of the previous construction, the commutation rules between the coordinates
and momentum operators provide a deformation of the usual Heisenberg–Weyl algebra in terms of
the dimensionful parameter a, namely:
[
xi, pj
]
= i
(
δij + a
2 pipj
)
,[
x0, p0
]
= i
(
1− a2c2 p20
)
,[
xi, p0
]
= i a2 p0 pi ,[
x0, pi
]
= −i a2
c2
p0 pi .
(15)
The above relations, together with the commutation relations of spacetime coordinates (10) and
the trivial commutators between momenta, completely characterize the Snyder model in algebraic
terms, and give rise to the associated GUP [6, 23, 24].
In order to consider the physical consequences of the model, this deformed phase space algebra
requires a deformed representation of position and momentum operators on a Hilbert space, which is
however not qualitatively different from the representation used in standard quantum mechanics. In
4We remind the reader that physical momenta are covariant objects, as opposed to physical coordinates being
contravariant objects, and their physical dimensions are such that [p0] = [c pi].
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fact, similarly to what happens in ordinary quantum mechanics, where the position operators can be
defined as the generators of translations on a flat momentum space (xˆi = i∂pi) and correspondingly
momenta operators are defined as multiplicative operators (pˆi ψ(p) = pi ψ(p)), here the coordinates
xα can still be represented as differential operators acting on functions on the space of momenta
(even though they are not just a derivative with respect to momenta) and the momenta pα act
on the same functions in a multiplicative way. This statement will be made more precise in the
following section.
To conclude this section, we stress that the lesson learned from Snyder’s work is that in or-
der to define noncommutative coordinates without spoiling the classical space(time) symmetries a
successful strategy is to identify the coordinates operators with the generators of translations on a
curved manifold whose isotropy group describes the symmetries one wants to preserve. Then the
space(time) thus constructed will inherit the symmetries of this manifold. In the following sections
we show that one can indeed go beyond Snyder’s construction by using different choices of curved
manifolds and using a consistent geometrical prescription for defining the associated momenta.5
3 Snyder–Euclidean models
As we mentioned, it is possible to replicate the Snyder construction of noncommutative coordinate
spaces and correspondingly deformed phase spaces by starting from different curved manifolds,
constructed as homogeneous spaces whose isotropy group provides the symmetries of the associ-
ated noncommutative space. As an illustrative simple example, in this section we give a detailed
description of this approach for the construction of two-dimensional (2D) Snyder–Euclidean mod-
els, for which the starting curved manifolds can be either the 2D sphere or the hyperbolic plane,
endowed with SO(3) and SO(2, 1) symmetry, respectively. As in the original Snyder construction,
the spatial coordinates are identified with the translation generators on such manifolds, so that the
noncommutativity is induced by the curvature of the underlying manifold. The momentum coor-
dinates are again given by the Beltrami projective coordinates on the curved manifold. Together
with the space coordinates, they define a deformed phase space.
3.1 The 2D sphere and the hyperbolic plane
Let us consider the one-parametric family of 3D real Lie algebras soω(3) = span{P1, P2, J} with
commutation relations given by
[J, P1] = P2, [J, P2] = −P1, [P1, P2] = ωJ, (16)
where ω is a real parameter. The Casimir invariant reads
C = P 21 + P 22 + ωJ2. (17)
The family so
(3)
ω comprises three specific real Lie algebras: so(3) for ω > 0, so(2, 1) ≃ sl2(R) for
ω < 0, and iso(2) ≡ e(2) = so(2) ⊕S R2 for ω = 0, where hereafter ⊕S will denote the semidirect
sum. Note that the value of ω can be reduced to {+1, 0,−1} through a rescaling of the Lie algebra
generators; therefore setting ω = 0 in (16) can be shown to be equivalent to applying an Ino¨nu¨–
Wigner contraction [25].
The involutive automorphism defined by
Θ(P1, P2, J) = (−P1,−P2, J), (18)
5A similar construction of a Snyder spacetime based on the Anti-de Sitter space can be found in the literature [14]
and will be described in section 4.
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generates a Z2-grading of so
(3)
ω in such a manner that ω is a graded contraction parameter [26], and
Θ gives rise to the following Cartan decomposition of the Lie algebra:
so(3)ω = h⊕ p, h = span{J} = so(2), p = span{P1, P2}. (19)
In this respect, we recall that the usual Ino¨nu¨–Wigner contraction is applied to a given particular
Lie algebra, in our case either so(3) with ω = +1 or so(2, 1) with ω = −1. The generators anti-
invariant under Θ (18) are multiplied by a dimensionless contraction parameter ε, while those
invariant are kept unchanged, and the limit ε → 0 gives rise to the contracted Lie algebra iso(2).
Clearly this process is equivalent to set ω = 0 directly in the commutation relations (16) and,
roughly speaking, there is a relationship ε ∼ √ω. Nevertheless, the graded contraction approach
goes beyond Ino¨nu¨–Wigner contractions, generalizing them, since the former allows one to also
change the real form as so(3) and so(2, 1) [26, 27]; thus, in fact, one deals with a family of real
Lie algebras soω(3). Furthermore, as we shall show in the following, to consider explicitly a graded
contraction parameter as ω (without scaling to ±1) from the beginning in the commutation relations
enables us not only to deal simultaneously with simple and non-simple Lie algebras, but to obtain
different algebraic and geometric properties in a unified setting (see [28, 29]).
We denote SO
(3)
ω and H the Lie groups with Lie algebras so
(3)
ω and h (19), respectively, and we
consider the 2D symmetrical homogeneous spaces defined by
S2ω = SO
(3)
ω /H, H = SO(2) = 〈J〉. (20)
These coset spaces have constant Gaussian curvature equal to ω and are endowed with a metric with
positive definite signature. The generator J leaves a point O invariant, the origin, so generating
rotations around O, while P1 and P2 generate translations which move O along two basic orthogonal
geodesics. Therefore S2ω (20) describes in a simultaneous way the three classical 2D Riemannian
spaces of constant curvature:
Sphere ω > 0: Euclidean plane ω = 0: Hyperbolic space ω < 0:
S2 = SO(3)/SO(2) E2 = ISO(2)/SO(2) H2 = SO(2, 1)/SO(2)
On these spaces one can define the embedding coordinates (s3, s1, s2), that satisfy the constraint
Σω : s
2
3 + ω
(
s21 + s
2
2
)
= 1. (21)
This provides a “ω-sphere”, such that for ω > 0 we recover the true sphere, if ω < 0 we find the
two-sheeted hyperboloid, and in the flat case with ω = 0 we get two Euclidean planes s3 = ±1 with
Cartesian coordinates (s1, s2). We identify the hyperbolic space H
2 with the connected component
corresponding to the sheet of the hyperboloid with s3 ≥ 1, and the Euclidean space E2 with the
plane s3 = +1.
The metric on S2ω comes from the flat ambient metric in R
3 divided by the curvature ω and
restricted to Σω:
dσ2ω =
1
ω
(
ds23 + ω
(
ds21 + ds
2
2
))∣∣∣∣
Σω
=
ω (s1ds1 + s2ds2)
2
1− ω (s21 + s22) + ds
2
1 + ds
2
2 . (22)
Isometry vector fields in ambient coordinates for soω(3), fulfilling (16), can be computed and read
P1 = s3∂1 − ω s1∂3, P2 = s3∂2 − ω s2∂3, J = s2∂1 − s1∂2, (23)
where ∂l = ∂/∂sl.
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3.2 Snyder–Euclidean models
At this point a noncommutative space compatible with spherical/hyperbolic symmetry can be
introduced in full analogy to the original Snyder construction. To this aim, we identify space
coordinates (x1, x2) with the translation generators on the spherical/hyperbolic space:
6
x1 := P1 , x2 := P2 , (24)
which implies that they satisfy the following commutator:
[x1, x2] = ωJ. (25)
According to the original construction by Snyder, momentum space coordinates are defined by
commuting quantities that transform as vectors under the isotropy subgroup H, and in this 2D
Euclidean case this amounts to impose that they transform as vectors under rotations. A possible
choice, analogous to (12), is to define momenta as
p1 :=
s1
s3
, p2 :=
s2
s3
. (26)
In the sequel we will show that in fact this choice has a natural interpretation in terms of the
projective geometry associated to the geometrical structures behind the noncommutative space
construction, since (26) correspond to the so-called Beltrami projective coordinates. However,
one could in principle identify momenta with different sets of projective coordinates, such as the
Poincare´ coordinates. This ambiguity is due to the fact that the above-mentioned defining condi-
tions for momenta do not identify them uniquely as functions of the ambient coordinates si, as was
also remarked in [1].
3.2.1 Beltrami and Poincare´ projective coordinates
The quotients (s1/s3, s2/s3) ≡ (p1, p2) of the ambient coordinates (21) are just the Beltrami co-
ordinates of projective geometry for the sphere and the hyperbolic plane [30]. They are obtained
by applying the central stereographic projection with pole (0, 0, 0) ∈ R3 of a point Q = (s3, s1, s2)
belonging to the projective plane with s3 = 1 and coordinates (p1, p2), namely
(s3, s1, s2) = µ (1, p1, p2),
thus giving rise to the expressions (i = 1, 2)
s3 = µ =
1√
1 + ω(p21 + p
2
2)
, si = µ pi =
pi√
1 + ω(p21 + p
2
2)
, pi =
si
s3
. (27)
Thus the origin O = (1, 0, 0) ∈ Σω projects to the origin (p1, p2) = (0, 0) in the projective space
S2ω. The domain of (p1, p2) depends on the value of the curvature ω since the following condition
must be fulfilled
1 + ω(p21 + p
2
2) > 0. (28)
Depending on the sign of ω, we find that:
• In the sphere S2 with ω > 0, the condition (28) is automatically satisfied, so that
pi ∈ (−∞,+∞). (29)
The points in the equator in Σω with s3 = 0 (s
2
1 + s
2
2 = 1/ω) go to infinity, so that the
projection (27) is well-defined for the hemisphere with s3 > 0.
6Note that these space coordinates have the dimensionality of
√
ω. We will later show that
√
ω has dimension of
inverse momentum so that upon quantization, x→ i~x, coordinates turn out to have dimension of length.
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• In the hyperbolic space H2 with ω < 0 and s3 ≥ 1, the condition (28) yields
p21 + p
2
2 =
s23 − 1
|ω|s23
<
1
|ω| . (30)
The points at the infinity in Σω (s3 →∞) are mapped onto the circle p21 + p22 = 1|ω| .
• Finally, in the Euclidean plane E2, with ω = 0, the Beltrami coordinates are just the Cartesian
ones with si ≡ pi ∈ (−∞,+∞) and s3 = +1.
By introducing (27) in the ambient metric (22) we obtain that
dσ2ω =
(1 + ω p2)dp2 − ω(p · dp)2
(1 + ω p2)2
, (31)
where p = (p1, p2) and hereafter we shall use the following notation for any 2-vectors a = (a1, a2)
and b = (b1, b2):
a2 = a21 + a
2
2, a · b = a1b1 + a2b2. (32)
A similar construction can be performed by making use of Poincare´ coordinates p˜ = (p˜1, p˜2)
which come from the stereographic projection with pole (−1, 0, 0) ∈ R3 [30]. In this case the
relation between the ambient and the projective coordinates reads
(s3, s1, s2) = (−1, 0, 0) + λ (1, p˜1, p˜2),
and we obtain
λ =
2
1 + ωp˜2
, s3 = λ− 1 = 1− ωp˜
2
1 + ωp˜2
, s = λ p˜ =
2p˜
1 + ωp˜2
, p˜ =
s
1 + s3
. (33)
Thus this projection is well defined for any point Q ∈ Σω except for the pole (−1, 0, 0) which
projects to the infinity in both the sphere and in the hyperbolic space. The corresponding domain
of Poincare´ coordinates for each specific space within S2ω can be found in [31].
Also the Poincare´ coordinates are in principle viable momentum space coordinates for the
Euclidean Snyder model, since they transform as vectors under rotations and are commutative. In
the following subsection we compare the two phase spaces associated, respectively, to the Beltrami
and Poincare´ projective coordinates and discuss their relation.
3.2.2 Snyder–Euclidean phase space algebra
Having defined both noncommutative coordinates and their associate momenta we can now study
the properties of the resulting Snyder phase space algebra. If momenta are identified with Beltrami
projective coordinates, direct computations using (23), (24) and (26) lead to the expressions
[x1, x2] = ωJ, [p1, p2] = 0,
[x1, p1] = 1 + ω p
2
1, [x1, p2] = ω p1p2,
[x2, p2] = 1 + ω p
2
2, [x2, p1] = ω p1p2,
(34)
where the angular momentum in (25) is represented as:
J = x1 p2 − x2 p1. (35)
In order for this model to make sense in a quantum-mechanical context we need to define coordinates
and momenta as Hermitian operators, xˆi and pˆj, acting on the space of functions ψ(p) defined on
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the curved momentum space. This is achieved if we define xˆi := i~xi and pˆj := pj . In this way we
obtain the following deformation of the Heisenberg–Weyl algebra:
[xˆ1, xˆ2] = i~ωJˆ, [pˆ1, pˆ2] = 0,
[xˆ1, pˆ1] = i~ (1 + ω pˆ
2
1), [xˆ1, pˆ2] = i~ω pˆ1pˆ2,
[xˆ2, pˆ2] = i~ (1 + ω pˆ
2
2), [xˆ2, pˆ1] = i~ω pˆ1pˆ2,
(36)
where the operators pˆj act multiplicatively as usual, pˆj ψ(p) = pj ψ(p), and the noncommutative
coordinates act as xˆiψ(p) = i~(∂pi + ωpipj∂pj )ψ(p). The quantum angular momentum reads Jˆ =
xˆ1 pˆ2− xˆ2 pˆ1, and it can be easily checked that J and the phase space generators satisfy the Jacobi
identities, thus demonstrating that the deformed phase space is indeed invariant under rotational
symmetries. Moreover, both xˆi and pˆi transform as vector under rotations, as required:
[Jˆ , xˆ1] = i~ xˆ2, [Jˆ , xˆ2] = −i~ xˆ1, [Jˆ , pˆ1] = i~ pˆ2, [Jˆ , pˆ2] = −i~ pˆ1 . (37)
Once the Planck constant has been introduced, we can check that dimensional analysis consis-
tently leads to the correct physical dimensions for space and momentum operators, and that ω has
dimensions of the inverse of squared momentum.
For
ω ≡ a2 > 0 (38)
the phase space algebra (36) exactly recovers the 2D analogue of the space sector of Snyder phase
space, see (10) and (15). For the sphere S2 with ω > 0, we shall say that (36) provides the Snyder–
Euclidean model SE+, while for ω < 0 we have the SE− model with H2 curved momentum space.
We remark that the momentum space (p1, p2) remains commutative for any value of ω, but its
domain does depend on ω according to (29) and (30), namely
SE+ : p1, p2 ∈ (−∞,+∞).
SE− : p21 + p
2
2 ∈
[
0, 1/|ω|).
As we mentioned, we could also identify momenta with the Poincare´ projective coordinates p˜.
In this case we find the commutation rules
[x˜1, x˜2] = ωJ˜, [p˜1, p˜2] = 0,
[x˜1, p˜1] =
1
2
(
1 + ω(p˜21 − p˜22)
)
, [x˜1, p˜2] = ω p˜1p˜2,
[x˜2, p˜2] =
1
2
(
1 + ω(p˜22 − p˜21)
)
, [x˜2, p˜1] = ω p˜1p˜2,
(39)
where the angular momentum J˜ is represented as the operator
J˜ = 2
x˜1 p˜2 − x˜2 p˜1
1− ω(p˜21 + p˜22)
, (40)
provided that [x˜1 p˜2 − x˜2 p˜1, p˜21 + p˜22] = 0. Hence the expressions (39) provide another way to define
2D Snyder–Euclidean models which are related to the previous ones (34) through the change of
variables:
x˜i = xi, p˜i =
pi
1 +
√
1 + ω(p21 + p
2
2)
. (41)
3.2.3 Class of equivalent Snyder–Euclidean phase space algebras
The freedom of choosing between different sets of projective coordinates in order to define momenta
was already identified in Snyder’s original paper [1]. There it was noted that the two requirements,
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that momenta transform as vectors under the relevant group of symmetries and that they are
commutative, do not completely fix the functional dependence of momenta on the embedding
coordinates (s3, s1, s2). The specific SE
± models (34) and (39), equivalent through the change of
momenta (41), suggest an alternative way to analyse such a freedom. Instead of paying attention
to the embedding coordinates (s3, s1, s2) (21) as the cornerstone to define momenta, one can start
from the SE± models already expressed in Beltrami variables given by (34) and (35), so in the
Snyder’s choice, and study the most general change of variables fulfilling the above requirements:
• The noncommutative Snyder space, defined by the commutator [x1, x2] = ωJ , is a direct
consequence of the Lie algebra of isometries of the underlying curved manifold. Since the
space coordinates xi are identified with the translation generators Pi (24), the former must
be kept unchanged under any change of variables (as in (41)). This fact conveys that they
are transformed as vectors under rotations due to the commutation relations (16).
• Therefore the most general change of variables for (34) only involves momenta and can be
expressed as any invertible transformation
p˜1 = p1 fω(p1, p2), p˜2 = p2 gω(p1, p2), (42)
such that fω and gω are smooth functions which also depend on the curvature ω and must
verify the limits
lim
ω→0
fω = a, lim
ω→0
gω = b, (43)
where a and b are real constants, thus guaranteeing the commutative limit of the SE± models.
• Obviously the transformation (42) implies that the new momenta p˜i remain commutative, so
that it is only necessary to impose that they behave as vectors under rotations, which leads
to two PDEs:
gω = fω +
p1
p2
(
p2
∂fω
∂p1
− p1 ∂fω
∂p2
)
, fω = gω +
p2
p1
(
p1
∂gω
∂p2
− p2 ∂gω
∂p1
)
. (44)
A straightforward consequence of this analysis is that the angular momentum J is only repre-
sented in its usual form (35) in the Beltrami variables with fω ≡ gω = 1, that is, any other possible
choice of momenta would give rise to a non-quadratic representation of J as (40). Therefore the
SE± models in Beltrami variables arise as the distinguished representatives in the sense that they
are the only phase space algebras defined by quadratic relations.
Notice that a particular subclass of (42) is provided by identifying fω ≡ gω and in this case the
PDEs (44) yield
fω(p1, p2) = fω
(
p21 + p
2
2
)
. (45)
For instance, the SE± models in Poincare´ variables (39) correspond to the particular choice with
fω
(
p21 + p
2
2
)
=
1
1 +
√
1 + ω(p21 + p
2
2)
, lim
ω→0
fω =
1
2
. (46)
Indeed, the above considerations are applicable to any of the generalized Snyder models here
presented, but in the rest of this paper we shall only deal with Beltrami variables since they are
naturally related to the Snyder model in its original (and quadratic) version, and the corresponding
phase space algebras for different choices of momenta can be obtained through appropriate change
of variables along with the change of the momenta domain.
One might wonder about how different choices of projective coordinates would affect the phys-
ical implications of the model. The previous discussion shows that different choices of momenta
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coordinates lead to the same kinematical picture, since the Snyder model is uniquely defined by the
underlying curved space of momenta, independently of the specific coordinates that are considered
onto it. Obviously, the full phase space algebra (from whose [xˆi, pˆj] commutation rules the associ-
ated GUP will be derived) is transformed under a given change of momenta coordinates, but note
that self-consistency (imposed by the rotational symmetry) is preserved since the noncommutativ-
ity between position operators is also changed, being now given by the transformed expression for
the rotation generator. Phenomenological differences might arise at the dynamical level, which is
however beyond the scopes of the analysis presented here and will be the subject of future work.
Finally, we also remark that the construction of the 3D version of the Snyder–Euclidean model
(34) is straightforward, and will be presented at the end of section 4.
4 Snyder–Lorentzian models
As we reviewed in section 2, the original (3+1)D Snyder spacetime was constructed by identifying
coordinates with the infinitesimal translation generators of a (3+1)D de Sitter manifold. In this way
spacetime noncommutativity is induced by the curvature of such de Sitter manifold and symmetry
under Lorentz transformations is also inherited from the properties of the translation generators
of de Sitter as a homogeneous space with Lorentz isotropy subgroup. In this section we generalize
the construction to enclose within a unified formalism the two maximally symmetric Lorentzian
spaces with constant curvature. Besides recovering the original Snyder model, we are able to define
another Lorentz-invariant noncommutative spacetime starting from the Anti-de Sitter manifold.
Also in this case, the momentum space is identified with the (Beltrami) projective coordinates on
the curved manifold.
4.1 Maximally symmetric Lorentzian spaces
In order to deal simultaneously with the three Lorentzian manifolds of constant curvature in (3+1)
dimensions and to be able to later perform the non-relativistic limit, we introduce a dimensionful
redefinition of the generators of the algebra (6), namely
P0 :=
√
ΛT0 , Pi :=
√
Λ
c
Ti , Ji := Li , Ki :=
1
c
Mi . (47)
In this way from (6) we obtain the two-parameter family of real Lie algebras that we will denote as
so
(3+1)
Λ = span{P0, Pi,Ki, Ji} corresponding, in this order, to the generators of time-like translation,
space-like translations, boosts and rotations. Their commutation rules read
[Ji, Jj ] = ǫijkJk, [Ji, Pj ] = ǫijkPk, [Ji,Kj ] = ǫijkKk,
[Ki, P0] = Pi, [Ki, Pj ] =
1
c2 δijP0, [Ki,Kj ] = − 1c2 ǫijkJk,
[P0, Pi] = −ΛKi, [Pi, Pj ] = Λ 1c2 ǫijkJk, [P0, Ji] = 0,
(48)
where Λ is the cosmological constant that plays the role of a curvature parameter in the Lorentzian
manifolds and c is the speed of light. Thus so
(3+1)
Λ is isomorphic to so(4, 1) for Λ > 0, to so(3, 2)
for Λ < 0, and to iso(3, 1) = so(3, 1) ⊕S R4 for Λ = 0.
The family so
(3+1)
Λ of Lie algebras is endowed with two (second- and fourth-order) Casimir
operators [28]. The quadratic one, coming from the Killing–Cartan form, is given by
C = 1
c2
P 20 −P2 + Λ
(
K2 − 1
c2
J2
)
, (49)
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where from now on we assume the notation (32) for 3-vectors. The fourth-order Casimir can be
explicitly found in [28].
The composition of the parity P and time-reversal operators T defined by [32]
P(P0,P,K,J) = (P0,−P,−K,J), T (P0,P,K,J) = (−P0,P,−K,J), (50)
yields the involutive automorphism
PT (P0,P,K,J) = (−P0,−P,K,J), (51)
which provides a Z2-grading of so
(3+1)
Λ so that Λ arises as a graded contraction parameter [27, 28].
The vanishment of Λ, which gives the Poincare´ algebra, is equivalent to apply the Ino¨nu¨–Wigner
spacetime contraction [32], from either so(4, 1) with Λ = +1 or so(3, 2) with Λ = −1, defined by
the map Pα → εPα and next performing the limit ε→ 0, so that ε ∼
√
Λ. However, as we already
commented in section 3.1 with respect to the family soω(3), the explicit presence of the parameter
Λ allows us to deal with the three algebras contained within so
(3+1)
Λ and their geometric properties
in a unified way.
The automorphism (51) leads to the Cartan decomposition
so
(3+1)
Λ = h⊕ p, h = span{K,J} = so(3, 1), p = span{P0,P}, (52)
where h and so
(3+1)
Λ are, in this order, the Lie algebras of the Lorentz subgroup H = SO(3, 1) and
the Lie group SO
(3+1)
Λ . Hence we obtain a family of (3+1)D symmetrical homogeneous spacetimes
dS3+1Λ = SO
(3+1)
Λ /SO(3, 1), (53)
which are of constant sectional curvature equal to −Λ and whose metric has Lorentzian signa-
ture. According to the sign of Λ, we find that dS3+1Λ (53) comprises the three (3+1)D Lorentzian
manifolds of constant curvature constructed as homogeneous spaces:
De Sitter Λ > 0: Minkowski Λ = 0: Anti-de Sitter Λ < 0:
dS3+1 = SO(4, 1)/SO(3, 1) M3+1 = ISO(3, 1)/SO(3, 1) AdS3+1 = SO(3, 2)/SO(3, 1)
On these spaces one can define ambient coordinates (η4, η0, η1, η2, η3), which are coordinates
on an embedding (4+1)D Minkowski manifold, such that the dS3+1Λ spaces are defined by the
constraint (2), which we rewrite here for convenience
η24 − η20 + η21 + η22 + η23 = Λ . (54)
Here we have introduced Λ instead of η because in the following we will show that these curved
spaces define the momentum space of the model, so that Λ has dimensions of inverse momentum
square. Upon the rescaling
s0 :=
η0
Λ
, si := c
ηi
Λ
, s4 :=
η4√
Λ
, (55)
a new set of ambient coordinates (s4, s0, s1, s2, s3) can be defined, which satisfy the constraint
ΣΛ : s
2
4 − Λs20 +
Λ
c2
(
s21 + s
2
2 + s
2
3
)
= 1. (56)
Since in the following we will show that these curved spaces define the geometry of the momen-
tum space of the model, we take Λ to have dimensions of inverse momentum square. Notice that
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s4 is dimensionless but s0 has dimensions of 1/
√
Λ and si of c/
√
Λ. This rescaling was chosen so to
make both the flat Λ→ 0 limit and the non-relativistic c→∞ limit straightforward to perform. In
particular, if Λ = 0 the Minkowski manifold corresponds to the hyperplane s4 = +1 with Cartesian
coordinates (s0, s) = (s0, s1, s2, s3). The non-relativistic limit will be discussed in the following
section. The Lorentz subgroup is just the isotropy subgroup of the point O = (1, 0, 0, 0, 0), that is,
the origin in dS3+1Λ . The connected component of ΣΛ is identified with the manifold dS
3+1
Λ .
The time-like metric on dS3+1Λ can be obtained from the flat ambient metric divided by the
curvature, i.e. −Λ, and restricted to ΣΛ (56), that is
dσ2Λ =
1
−Λ
(
ds24 − Λds20 +
Λ
c2
ds2
)∣∣∣∣
ΣΛ
=
−Λ (s0ds0 − 1c2 s · ds)2
1 + Λs20 − Λc2 s2
+ ds20 −
1
c2
ds2 . (57)
As expected, when Λ = 0 we directly recover the Minkowskian metric: dσ2 = ds20 − 1c2 ds2.
Finally, the generators of isometries for the three spaces can be simultaneously written as
P0 = s4
∂
∂s0
+ Λs0
∂
∂s4
, Pi = −s4 ∂
∂si
+
Λ
c2
si
∂
∂s4
,
Ki = s0
∂
∂si
+
1
c2
si
∂
∂s0
, Ji = −ǫijk sj ∂
∂sk
, (58)
and it is straightforward to check that they reproduce the Lie algebra (48).
4.2 Snyder–Lorentzian models from projective geometry
Similarly to the case of the Snyder–Euclidean models discussed in the previous section, noncom-
mutative spacetime coordinates that are compatible with Lorentzian symmetry can be defined by
identifying them with the generators of translations on the Lorentzian manifolds discussed in the
previous subsection:7
x0 :=
1
c
P0, x
i := −c Pi . (59)
The factors of c here are introduced so to obtain the correct relation between the dimensionality
of the time coordinate and that of the space coordinates, [c x0] = [xi]. Note, however, that these
coordinates do not have the dimensions of time and space, respectively, since [x0] = [
√
Λ/c] and
[x1] = [
√
Λ]. This will be fixed later, once we introduce the constant ~. In this sense, the model we
are constructing only makes sense physically in a quantum-mechanical setting. These coordinates
satisfy the following commutation relations:
[
x0, xi
]
= ΛKi,
[
xi, xj
]
= Λ ǫijkJk , (60)
inherited from the commutation relations (48) of the symmetry generators of the Lorentzian man-
ifolds.
In the previous section we showed that the momentum space associated to the noncommutative
Euclidean space can be defined by identifying momenta with the projective coordinates of the Eu-
clidean manifold. This same procedure also works in the Lorentzian case. In order to demonstrate
this, let us introduce Beltrami projective coordinates in the Lorentzian manifold dS3+1Λ . We apply
the projection with pole (0, 0,0) ∈ R5 of a point Q = (s4, s0, s) onto the projective hyperplane with
s4 = 1 and coordinates (q0,q) = (q0, q1, q2, q3), namely
(s4, s0, s) = µ (1, q0,q) ∈ ΣΛ,
7As explained in section 2, the physical spacetime coordinates are contravariant objects.
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where
s4 = µ =
1√
1− Λq20 + Λc2q2
, sα = µ qα =
qα√
1− Λq20 + Λc2q2
, qα =
sα
s4
. (61)
Hence this map introduces coordinates qα on the half of the hypersurface ΣΛ (56) with s4 > 0.
The origin O = (1, 0,0) ∈ ΣΛ is mapped onto the origin (q0,q) = (0,0) in dS3+1Λ . The projective
coordinates (61) are well-defined whenever
1− Λq20 +
Λ
c2
q2 > 0, (62)
so that this condition determines the admissible domain of (q0,q), which does depend on the value
of Λ. Only in the Minkowskian manifold M3+1 with Λ = 0 and given by s4 = +1 the above
condition is automatically satisfied and the Beltrami coordinates reduce to the Cartesian ones
sα ≡ qα ∈ (−∞,+∞).
In these coordinates, the time-like metric in dS3+1Λ is directly obtained by introducing (61) in
(57):
dσ2Λ =
(
1− Λq20 + Λc2q2
)(
dq20 − 1c2dq2
)
+ Λ
(
q0dq0 − 1c2 q · dq
)2
(
1− Λq20 + Λc2q2
)2 . (63)
Using Beltrami projective coordinates we can define momenta by simply introducing a dimen-
sionful rescaling which allows to recover the correct relation between the dimensionality of energy
and that of spatial momenta, [p0] = [c pi]:
p0 := c q0, pi :=
1
c
qi . (64)
Note that, since [p0] = [c q0] = [c s0] = [
c√
Λ
] and [pi] = [qi/c] = [si/c] = [
1√
Λ
], they have the correct
dimensions of energy and momentum, respectively. One can easily check that these momenta are
commutative and transform as vectors under Lorentz transformations. The condition (62) for the
Beltrami coordinates is translated into the following constraint for the momentum space domain:
1 + Λ
(
p21 + p
2
2 + p
2
3 −
1
c2
p20
)
> 0. (65)
Depending on the sign of Λ this implies:
• In the de Sitter Lorentzian case with Λ > 0, the condition (65) is satisfied if 1c2 p20 − (p21 +
p22 + p
2
3) <
1
Λ . For on-shell particles this condition implies an upper bound on the mass
c2m2 ≡ 1
c2
p20 − (p21 + p22 + p23):
c2m2 <
1
Λ
. (66)
• In the Anti-de Sitter Lorentzian case with Λ < 0 the condition (65) yields p21+p22+p23− 1c2 p20 <
1
|Λ| . For on-shell particles this translates into
c2m2 > − 1|Λ| , (67)
which is always satisfied.
• In the Minkowskian case with Λ = 0, the Beltrami coordinates cover the whole Minkowski
manifold and the condition (65) is trivially satisfied.
Finally, the momentum space metric follows from (63) and (64):
dσ2p,Λ =
(
1− Λ
c2
p20 + Λp
2
)(
1
c2
dp20 − dp2
)
+ Λ
(
1
c2
p0dp0 − p · dp
)2
(
1− Λ
c2
p20 + Λp
2
)2 . (68)
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4.3 Snyder–Lorentzian phase space algebra
Coordinates (59) and momenta (64) close the following algebra:
[
x0, xi
]
= ΛKi,
[
xi, xj
]
= Λ ǫijkJk,[
x0, pα
]
= δ0α − Λc2 p0pα,
[
xi, pj
]
= δij + Λ pipj,[
xi, p0
]
= Λ p0pi, [pα, pβ] = 0,
(69)
and in terms of phase space coordinates the Lorentz boosts and rotations take the usual form
Ki = x
0pi +
1
c2
xip0, Ji = ǫijkx
jpk. (70)
As discussed in the previous section, in a quantum-mechanical context coordinates and momenta
can be turned into Hermitian operators acting on the space of functions on momenta via the change
xˆα := i~xα and pˆα := pα. This leads to a generalization of the usual Heisenberg algebra
[
xˆ0, xˆi
]
= i~Λ Kˆi,
[
xˆi, xˆj
]
= i~Λ ǫijkJˆk,[
xˆ0, pˆα
]
= i~ (δ0α − Λc2 pˆ0pˆα),
[
xˆi, pˆj
]
= i~ (δij + Λ pˆipˆj),[
xˆi, pˆ0
]
= i~Λ pˆ0pˆi, [pˆα, pˆβ] = 0,
(71)
which includes noncommuting spacetime coordinates and nontrivial commutators between space
and time sectors of the phase space. The quantum boost and rotation generators read, respectively,
Kˆi = xˆ
0pˆi +
1
c2
xˆipˆ0, Jˆi = ǫijkxˆ
j pˆk , (72)
and close the following algebra with the phase space coordinates,
[Jˆi, xˆ
0] = 0, [Jˆi, xˆ
j ] = i~ ǫijkxˆ
k,
[Jˆi, pˆ0] = 0, [Jˆi, pˆj] = i~ ǫijkpˆk,
(73)
[Kˆi, xˆ
0] = −i~ 1
c2
xˆi, [Kˆi, xˆ
j ] = −i~ δij xˆ0,
[Kˆi, pˆ0] = i~ pˆi, [Kˆi, pˆj ] = i~
1
c2
δij pˆ0.
(74)
So the Jacobi identities are satisfied, thus showing that indeed the Snyder–Lorentzian phase space
algebra is invariant under Lorentz symmetries.
Having introduced the physical constants c and ~ in a consistent way leads to the correct physical
dimensions for the spacetime coordinates and for momenta (remember that we assumed that Λ has
the dimension of inverse momentum square, consistently with the interpretation of momenta as the
projective coordinates over a curved manifold, with (Anti-)de Sitter geometry).
The above expressions in eq. (71) define what we call the phase space algebra of the Snyder–
Lorentzian models SL±, where the name emphasizes their relativistic invariance properties. With
Λ > 0, momenta are the projective coordinates of a de Sitter manifold. In particular, eqs. (71)
reduce to the original Snyder model if
Λ ≡ a2 > 0 , (75)
up to the constant ~, which was set to one in section 2. On the other hand, when Λ < 0 momenta
are the projective coordinates of an Anti-de Sitter manifold (this case was named the Anti-Snyder
model in [14]). Note that the momentum operators pˆα commute for any value of Λ, but their
allowed values are constrained by the different conditions (66) and (67).
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We remark that the spatial part of (71) with variables (xˆi, pˆj) corresponds to the commutators
[
xˆi, xˆj
]
= i~Λ ǫijkJˆk, ,
[
xˆi, pˆj
]
= i~ (δij + Λ pˆipˆj), [pˆi, pˆj ] = 0, (76)
which are just the ones for the 3D Snyder–Euclidean models constructed in the previous section,
where momenta are the projective coordinates of a sphere when Λ > 0 and of a hyperboloid when
Λ < 0, where Λ ≡ ω is now the constant sectional curvature of the underlying Riemannian manifold,
so generalizing the 2D expressions (36). Therefore we have found the embeddings of the Snyder–
Euclidean phase space within the Snyder–Lorentzian one, and more precisely the embedding of
SE+ into SL+ and of SE− into SL−. This restriction of the Snyder–Lorentzian model to the
spatial part of the phase space algebra is what in the literature is called the non-relativistic version
of the Snyder model [14, 15]. However, in the following we show that this is not what one obtains
by carefully performing the Galilean limit of the Snyder model.
5 Snyder–Galilei and Snyder–Carroll models
So far we have constructed the Snyder–Euclidean and Snyder–Lorentzian phase space algebras aris-
ing, respectively, from the Euclidean and Lorentizan homogeneous spaces with constant curvature.
At the level of the phase space algebra, it is rather natural to construct the Snyder–Galilei and the
Snyder–Carroll models by taking the appropriate “non-relativistic” and “ultra-relativistic” limits
of the Snyder–Lorentzian phase space. In order to connect these limiting Snyder models to the un-
derlying projective geometry framework, we start from the maximally symmetric spaces associated
to the relevant kinematical groups, as done for the Lorentzian case in the previous section. More
precisely, we start by obtaining the Galilei space (and its curved analogues, the Newton–Hooke
spaces) by taking the c → ∞ of the Lorentzian spaces constructed in the previous section [33].
The Carroll space (and its constant curvature analogues) are obtained via the c → 0 limit of the
same Lorentzian spaces [17]. Note that in order to perform this c → 0 limit we first need to use
an appropriate rescaling of the generators of the kinematical group of symmetries, analogue to
the one we performed at the beginning of section 4, which was instead optimized to perform the
c→∞ limit. In this section we discuss both limits in parallel, since it will turn out that they are
intertwined.
5.1 Galilei and Newton–Hooke spaces
The limit c → ∞ of the Lie algebra so(3+1)Λ , eq. (48), can be performed straightforwardly, giving
rise to the family of Newton–Hooke algebras n
(3+1)
Λ with Lie brackets and second-order Casimir
given by
[Ji, Jj ] = ǫijkJk, [Ji, Pj ] = ǫijkPk, [Ji,Kj ] = ǫijkKk,
[Ki, P0] = Pi, [Ki, Pj ] = 0, [Ki,Kj ] = 0,
[P0, Pi] = −ΛKi, [Pi, Pj ] = 0, [P0, Ji] = 0,
(77)
C = −P2 + ΛK2. (78)
Notice that this non-relativistic limit is related to the parity automorphism P (50) which generates
another Z2-grading of so
(3+1)
Λ , such that the factor 1/c
2 in (48) behaves as a graded contraction
parameter [26, 27] (the change of the real forms of the Lie algebras so
(3+1)
Λ corresponds to set
1/c2 < 0, that is, c ≡ i). In terms of the Ino¨nu¨–Wigner speed-space contraction [32], one should
set c = 1 in the Lie brackets (48), map the generators as P→ εP, K→ εK and compute the limit
ε→ 0; hence ε ∼ 1/c.
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We recall that n
(3+1)
Λ comprises the expanding and oscillating Newton–Hooke algebras as well
as the Galilei one [28, 32, 34, 35, 36, 37, 38] according to the following value of the curvature
parameter Λ:
• Expanding Newton–Hooke algebra for Λ > 0:
n
(3+1)
+ = R
6⊕S
(
so(1, 1) ⊕ so(3)),
R
6 = span{P,K}, so(1, 1) = span{P0}, so(3) = span{J}.
(79)
• Oscillating Newton–Hooke algebra for Λ < 0:
n
(3+1)
− = R
6⊕S
(
so(2) ⊕ so(3)),
R
6 = span{P,K}, so(2) = span{P0}, so(3) = span{J}.
(80)
• Galilei algebra for Λ = 0:
g(3+1) ≡ n(3+1)0 = iiso(3) = R4 ⊕S
(
R
3 ⊕S so(3)
)
,
R
4 = span{P0,P}, R3 = span{K}, so(3) = span{J}.
(81)
The same Cartan decomposition (52), associated with the automorphism (51), also holds for
n
(3+1)
Λ , but in this case the subalgebra h = span{K,J} = iso(3), that is, H = ISO(3) is the
Euclidean subgroup of rotations and boosts of the Newton–Hooke and Galilei groups N
(3+1)
Λ . Thus
we get a family of (3+1)D symmetrical homogeneous non-relativistic manifolds through the coset
spaces
N3+1Λ = N
(3+1)
Λ /ISO(3). (82)
Similarly to the Lorentzian manifolds dS3+1Λ (53), the Newtonian manifolds N
3+1
Λ are of constant
sectional curvature equal to −Λ, but the latter are endowed with a degenerate metric (notice that
the Killing–Cartan form is degenerate as the Casimir (78) shows). We remark that under the non-
relativistic limit c → ∞ (or speed-space contraction [32]), dS3+1Λ → N3+1Λ , so that the de Sitter
manifold leads to the expanding Newton–Hooke one (keeping Λ > 0), the Anti-de Sitter manifold
yields the oscillating Newton–Hooke one (with Λ < 0), and the Minkowskian manifold gives rise to
the flat Galilean space (with Λ = 0).
We remark that the limit c→∞ is well-defined in all the expressions (56)–(58). In particular,
in the c→∞ limit the vector fields (58) become
P0 = s4
∂
∂s0
+ Λ s0
∂
∂s4
, Pi = −s4 ∂
∂si
,
Ki = s0
∂
∂si
, Ji = −ǫijk sj ∂
∂sk
, (83)
which fulfil the commutation rules (77) of n
(3+1)
Λ . However, the pseudo-sphere (56) and the time-like
metric (57) become degenerate
ΣΛ : s
2
4 − Λs20 = 1, dσ2Λ =
ds20
1 + Λs20
. (84)
This is indeed in agreement with the non-relativistic character of the Newtonian manifolds N3+1Λ ,
since the degenerate metric corresponds to an “absolute-time”, here s0, which generates a foliation
(invariant under the corresponding group action), whose leaves are defined by a constant time
19
s0. The full metric structure on N
3+1
Λ is obtained by considering a “subsidiary” non-degenerate
Euclidean spatial metric restricted to each leaf of the foliation [29, 36] which comes from the limit
of (57) as
dσ′2Λ = limc→∞
(−c2dσ2Λ) on s0 = constant, (85)
yielding
dσ′2Λ = ds
2 on s0 = constant. (86)
In terms of the Beltrami coordinates (61) the Newtonian metrics (84) and (86) turn out to be
dσ2Λ =
dq20
(1− Λq20)2
, dσ′2Λ =
dq2
1− Λq20
on q0 = constant. (87)
5.2 Carroll space and its curved analogues
As we mentioned, the algebra so
(3+1)
Λ as written in eq. (48) is optimized to perform the c → ∞
limit. In order to compute the c→ 0 limit, we start again from the dimensionless generators of the
algebra (6) and perform the following redefinition [17, 18, 19, 20, 21, 22, 37]:
P0 := c
√
ΛT0 , Pi :=
√
ΛTi , Ji := Li , Ki := cMi . (88)
Then the so
(3+1)
Λ algebra reads:
[Ji, Jj ] = ǫijkJk, [Ji, Pj ] = ǫijkPk, [Ji,Kj ] = ǫijkKk,
[Ki, P0] = c
2Pi, [Ki, Pj ] = δijP0, [Ki,Kj ] = −c2ǫijkJk,
[P0, Pi] = −ΛKi, [Pi, Pj ] = ΛǫijkJk, [P0, Ji] = 0,
(89)
and its Casimir is
C = P 20 − c2P2 + Λ
(
K2 − c2J2) . (90)
The c → 0 limit of this so(3+1)Λ algebra is then straightforward and gives rise to the family c(3+1)Λ
composed by the Carroll algebra, a para-Euclidean algebra (for Λ > 0), and a para-Poincare´ algebra
(for Λ < 0) [32] with Lie brackets and second-order Casimir given by
[Ji, Jj ] = ǫijkJk, [Ji, Pj ] = ǫijkPk, [Ji,Kj ] = ǫijkKk,
[Ki, P0] = 0, [Ki, Pj ] = δijP0, [Ki,Kj ] = 0,
[P0, Pi] = −ΛKi, [Pi, Pj ] = ΛǫijkJk, [P0, Ji] = 0,
(91)
C = P 20 + ΛK2. (92)
We recall that the limit c→ 0 of so(3+1)Λ with commutators (89) is another non-relativistic limit [17],
also known as the “ultra-relativistic” limit [18, 19, 20, 21, 22]. This is associated with the time-
reversal automorphism T (50) which provides a Z2-grading of so(3+1)Λ such that the factor c2 is now
the graded contraction parameter. The corresponding Ino¨nu¨–Wigner speed-time contraction [32]
requires to set c = 1 in the commutators (89), transform the generators as P0 → εP0, K→ εK and
perform the limit ε→ 0; thus here ε ∼ c.
The three algebras of the family c
(3+1)
Λ are characterized as follows:
• For Λ > 0, the para-Euclidean algebra is isomorphic to the Euclidean iso(4) algebra but here
the former acts as a kinematical algebra:
c
(3+1)
+ = R
4 ⊕S so(4), R4 = span{P0,K}, so(4) = span{P,J}. (93)
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• For Λ < 0, the para-Poincare´ algebra so obtained is isomorphic as a Lie algebra to the
Poincare´ algebra iso(3, 1) but physically different [32]:
c
(3+1)
− ≡ iso(3, 1) = R4 ⊕S so(3, 1), R4 = span{P0,K}, so(3, 1) = span{P,J}. (94)
• For Λ = 0 the Carroll algebra is obtained:
c(3+1) ≡ c(3+1)0 ≡ ii′so(3) = R4⊕S
(
R
′3 ⊕S so(3)
)
,
R
4 = span{P0,K}, R′3 = span{P}, so(3) = span{J},
(95)
where this notation means that so(3) acts on R′3 through the contragredient of the vector
representation and R′3⊕S so(3) acts on R4 through the vector representation [28]. Hence this
algebra is not isomorphic to the Galilei one (81) and, in fact, P0 is now a central generator,
which provides the Casimir (92).
The Cartan decomposition (52), associated with the automorphism (51), can be applied to the
Carrollian family c
(3+1)
Λ as well. Similarly to the Newton–Hooke and Galilean cases, the subalgebra
h = span{K,J} = iso(3), that is, H is the Euclidean subgroup of the Carrollian group C(3+1)Λ .
Thus we get a family of (3 + 1)D homogeneous Carrollian manifolds through the coset spaces
C3+1Λ = C
(3+1)
Λ /ISO(3). (96)
This means that the c → 0 limit of the Lorentz subalgebra is H = ISO(3), which is the common
Euclidean subgroup generated by the rotations and boosts of both the para-Euclidean and para-
Poincare´ groups.
Similarly to the Lorentzian manifolds dS3+1Λ (53) and the Newtonian manifolds N
3+1
Λ (82), also
the Carrollian manifolds C3+1Λ (96) are of constant sectional curvature, which in this case is equal
to +Λ. Moreover, the manifolds (96) have a degenerate Killing–Cartan form, as the Casimir (92)
shows, and thus they are endowed with a degenerate metric, just as happens in the Newtonian
cases. We remark that under the limit c → 0 (or speed-time contraction [32]), dS3+1Λ → C3+1Λ ,
so that the de Sitter manifold leads to the positive-curvature Carroll space (which keeps Λ > 0),
the Anti-de Sitter manifold yields the negative-curvature Carroll space (with Λ < 0), and the
Minkowskian manifold gives rise to the flat Carroll manifold with Λ = 0.
We remind the reader that the choice of ambient coordinates sA in the Lorentzian model dis-
cussed in the previous section was dictated by the requirement that the c→∞ limit is straightfor-
ward in those coordinates, as we indeed showed above in this section. However, that choice is not
optimal for taking the c→ 0 limit. So we perform a different rescaling of the ambient coordinates,
namely:
s0 :=
η0
cΛ
, si :=
ηi
Λ
, s4 :=
η4√
Λ
, (97)
such that the constraint (56) reads
ΣΛ : s
2
4 − Λc2s20 + Λ(s21 + s22 + s23) = 1 . (98)
Note that with this rescaling s4 is still dimensionless, while s0 has dimensions of 1/(c
√
Λ) and si
of 1/
√
Λ. This different rescaling keeps the correct relation between the dimension of the time and
of the space coordinates, [cs0] = [si]. In terms of these new coordinates the metric (57) reads
dσ2Λ =
1
−Λ
(
ds24 − Λc2ds20 + Λds2
)∣∣∣∣
ΣΛ
=
−Λ (c2s0ds0 − s · ds)2
1 + Λc2s20 − Λ s2
+ c2ds20 − ds2 , (99)
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which has constant sectional curvature equal to −Λ. When Λ = 0 we recover the (rescaled)
Minkowski metric: dσ2Λ=0 = c
2ds20 − ds2. The generators of isometries of this metric are given by
a rescaling of the generators (58) written in terms of the new coordinates:
P0 := cP0 = s4
∂
∂s0
+ Λc2s0
∂
∂s4
, Pi := cPi = −s4 ∂
∂si
+ Λ si
∂
∂s4
,
Ki := c
2Ki = c
2s0
∂
∂si
+ si
∂
∂s0
, Ji := Ji = −ǫijk sj ∂
∂sk
, (100)
which fulfill the commutation relations (89).
Now the limit c → 0 of expressions (98)–(100) is straightforward. The only point to take into
account is that the limit of the metric (99) should be limc→0(−dσ2Λ), since the curvature of the
Carrollian manifold (96) is +Λ instead of −Λ. In particular, the constraint (98) and the metric
(99) become degenerate
ΣΛ : s
2
4 + Λ(s
2
1 + s
2
2 + s
2
3) = 1, dσ
2
Λ =
Λ(s · ds)2
1− Λ s2 + ds
2 . (101)
It is worth stressing that the two curved Carrollian manifolds exactly correspond to the 3D
sphere S3 (Λ > 0) and the hyperbolic space H3 (Λ < 0), as it can be checked from (21) and (22)
for the 2D case, provided that Λ ≡ ω. This, in turn, means that under the c→ 0 limit the de Sitter
manifold (Λ > 0) leads to the curved Carrollian space C3+1+ which is endowed with a degenerate
spatial metric determining a curved 3-space of positive constant curvature (S3). Likewise, the
Anti-de Sitter manifold (Λ < 0) gives rise to the curved Carrollian manifold C3+1− but now the
degenerate spatial metric corresponds to a curved 3-space of negative constant curvature (H3).
These facts are in agreement with the time- and space-like character of the Lorentzian manifold
dS3+1Λ . In dS
3+1 time-like lines are non-compact (with generator P0) and space-likes lines are
compact (with generators P) so that span{P,J} = so(4) as in (93). And, conversely, in AdS3+1
time-like lines are compact while space-likes ones are non-compact, that is, span{P,J} = so(3, 1)
as in (94). These are exactly the subalgebras that remain invariant under the contraction c → 0.
Therefore, the c → 0 limit is structurally similar to the c → ∞ case discussed above, but with a
different role of the time and space sections of the manifold (see also [22]). Here, the degenerate
metric (101) corresponds to an “absolute-space”, which generates a foliation (invariant under the
Carrollian C
(3+1)
Λ group action), whose leaves are defined by a constant space, si = constant. The
full metric structure on the manifold C3+1Λ is obtained by considering a “subsidiary” time metric
restricted to each leaf of the foliation defined through the limit of (99) in the form
dσ′2Λ = lim
c→0
(
1
c2
dσ2Λ
)
on si = constant, (102)
yielding
dσ′2Λ = ds
2
0. (103)
In terms of the Beltrami coordinates on the (Anti-)de Sitter spaces adapted to the c→ 0 limit
by making use of (97), namely
s4 = µ =
1√
1− Λ c2 q20 + Λq2
, sα = µ qα =
qα√
1− Λ c2 q20 + Λq2
, qα =
sα
s4
, (104)
the above two metrics on C3+1Λ turn out to be
dσ2Λ =
(
1 + Λq2
)
dq2 − Λ(q · dq)2(
1 + Λq2
)2 ,
dσ′2Λ =
dq20
1 + Λq2
on qi = constant. (105)
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Finally, also the c→ 0 limit of the vector fields (100) is straightforward and gives
P0 = s4
∂
∂s0
, Pi = −s4 ∂
∂si
+ Λ si
∂
∂s4
,
Ki = si
∂
∂s0
, Ji = −ǫijk sj ∂
∂sk
. (106)
It is easy to check that these are compatible with the algebra relations (91).
5.3 Snyder–Galilei and Snyder–Carroll spacetimes and phase space algebras
In this section we work out the Galilei and Carroll limits of the Lorentzian Snyder model that is
constructed in section 4.3.
As we mentioned in the previous subsection, the coordinates introduced in section 4 are opti-
mized to make the limit c → ∞ well-defined. And indeed we can directly perform such limit for
the deformed Minkowski phase spaces with brackets (69) and obtain that
[
x0, xi
]
= ΛKi,
[
xi, xj
]
= Λ ǫijkJk,[
x0, pα
]
= δ0α,
[
xi, pj
]
= δij +Λ pipj,[
xi, p0
]
= Λ p0pi, [pα, pβ] = 0,
(107)
where now Ki are Galilei boosts and Ji are rotations, which read
Ki = x
0pi, Ji = ǫijkx
jpk. (108)
Upon defining the phase space operators (xˆα, pˆα) we find[
xˆ0, xˆi
]
= i~Λ Kˆi,
[
xˆi, xˆj
]
= i~Λ ǫijkJˆk,[
xˆ0, pˆα
]
= i~ δ0α,
[
xˆi, pˆj
]
= i~ (δij + Λ pˆipˆj),[
xˆi, pˆ0
]
= i~Λ pˆ0pˆi, [pˆα, pˆβ] = 0.
(109)
Consistently, the Galilean boost operators Kˆi = xˆ
0pˆi and the angular momentum operators Jˆi =
ǫijkxˆ
j pˆk satisfy the following algebra relations:
[Jˆi, xˆ
0] = 0, [Jˆi, xˆ
j ] = i~ ǫijkxˆ
k,
[Jˆi, pˆ0] = 0, [Jˆi, pˆj] = i~ǫijkpˆk ,
(110)
[Kˆi, xˆ
0] = 0, [Kˆi, xˆ
j ] = −i~ δij xˆ0,
[Kˆi, pˆ0] = i~ pˆi, [Kˆi, pˆj ] = 0 .
(111)
It is easy to check that the algebra defined by the phase space operators and the symmetry gen-
erators satisfies the Jacobi identities, thus showing that indeed this is a model which is symmetric
under Galilean boosts and rotations. Therefore we call this the Snyder–Galilei phase space algebra.
In particular, the Galilean limit of the original Snyder model is found by setting
Λ ≡ a2 > 0, (112)
thus resulting in [
xˆ0, xˆi
]
= i~ a2 Kˆi,
[
xˆi, xˆj
]
= i~ a2 ǫijkJˆk,[
xˆ0, pˆα
]
= i~ δ0α,
[
xˆi, pˆj
]
= i~ (δij + a
2 pˆipˆj),[
xˆi, pˆ0
]
= i~ a2 pˆ0pˆi, [pˆα, pˆβ] = 0.
(113)
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Notice that the spatial part of (109) generated by (xˆi, pˆi) remains invariant under contraction
providing the same deformed Euclidean phase spaces (76) as in the original Snyder model. However,
in this new model there are nontrivial brackets between the time-like and space-like parts of the
phase space, which are instead trivial in the Euclidean models. This difference between the Snyder–
Euclidean and the Snyder–Galilean models is at the root of the apparent mismatch found in the
behaviour of relativistic and “non-relativistic” Snyder particles [39, 40, 41, 42].
The careful reader will have noticed at this point that, while the c→∞ limit of the Lorentzian
Snyder phase space algebra is well-defined, the connection with the corresponding Newton–Hooke
kinematical groups (whose homogeneous spacetimes are the curved counterpart of the Galilean
one) seems to be lost. In fact, while in the Snyder–Galilei phase space both the time-space and
the space-space commutators for the coordinates are nonzero, in the Newton–Hooke algebra (77)
the spatial translations commute, so that the Galilei phase space cannot be seen as coming from
the identification of the spacetime coordinates with the generators of translations over the space
N3+1Λ . Upon further inspection, one surprisingly observes that actually the spacetime commutators
in (109) correspond to the commutators of the translation generators of the Carrollian algebra
c
(3+1)
Λ (91). In fact, one can go beyond this observation and show that upon identifying
x0 := P0, x
i := −Pi
p0 := q0, pi := qi ,
(114)
where Pα are the translations of the c
(3+1)
Λ algebra, eq. (91), and qα are the Beltrami coordinates
on the curved Carrollian spaces C3+1Λ , one recovers exactly the phase space algebra (107) and the
symmetry generators (108) are obtained from the corresponding boost and rotation generators in
(83). So the Snyder–Galilei phase space algebra is related to the Carrollian algebra c
(3+1)
Λ , in the
sense that the spacetime coordinates are identified with the translation generators over the space
C3+1Λ and the curved momenta are the Beltrami coordinates on such space.
Conversely, we can also show that the Snyder–Carroll phase space algebra (i.e., the deformed
phase space with Carroll symmetries) is actually derived from the Newton–Hooke algebra n
(3+1)
Λ .
Let us proceed with the same identification (114) where Pα are now the translations of the n
(3+1)
Λ
algebra (77) and qα are the Beltrami coordinates on the Newton–Hooke spaces N
3+1
Λ (82). Then
one obtains the following phase space commutators:
[
x0, xi
]
= ΛKi,
[
xi, xj
]
= 0 ,[
x0, pα
]
= δ0α − Λ p0pα,
[
xi, pj
]
= δij ,[
xi, p0
]
= 0, [pα, pβ ] = 0,
(115)
where now Ki are Carroll boosts and Ji are rotations, namely
Ki = x
ip0, Ji = ǫijkx
jpk, (116)
which can be derived from the boost and rotation generators in (106). Note that, in contrast to the
Snyder–Galilean models, the space coordinates of the Snyder–Carrollian models commute among
themselves, but still do not commute with the time coordinate.
Upon introducing the phase space operators (xˆα, pˆα) we find
[
xˆ0, xˆi
]
= i~Λ Kˆi,
[
xˆi, xˆj
]
= 0,[
xˆ0, pˆα
]
= i~ (δ0α − Λ pˆ0pˆα),
[
xˆi, pˆj
]
= i~ δij ,[
xˆi, pˆ0
]
= 0, [pˆα, pˆβ] = 0.
(117)
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Consistently, the Carroll boost operators Kˆi = xˆ
ipˆ0 and the angular momentum operators Jˆi =
ǫijkxˆ
j pˆk satisfy the following algebra:
[Jˆi, xˆ
0] = 0, [Jˆi, xˆ
j ] = i~ ǫijkxˆ
k,
[Jˆi, pˆ0] = 0, [Jˆi, pˆj ] = i~ ǫijkpˆk ,
(118)
[Kˆi, xˆ
0] = −i~ xˆi, [Kˆi, xˆj ] = 0,
[Kˆi, pˆ0] = 0, [Kˆi, pˆj] = i~ δij pˆ0 .
(119)
It is easy to check that the phase space coordinates and the symmetry generators satisfy the
Jacobi identities (both in the classical and the quantum cases), thus confirming that this model is
symmetric under the generators of the Carroll boosts and rotations. So we define this a Snyder–
Carroll phase space. In particular, the Carroll limit of the original Snyder model is found by
setting
Λ ≡ a2 > 0, (120)
thus resulting in [
xˆ0, xˆi
]
= i~ a2 Kˆi,
[
xˆi, xˆj
]
= 0,[
xˆ0, pˆα
]
= i~ (δ0α − a2 pˆ0pˆα),
[
xˆi, pˆj
]
= i~ δij ,[
xˆi, pˆ0
]
= 0, [pˆα, pˆβ] = 0.
(121)
Notice that, contrary to what happens in the Galilei-invariant and the Lorentz-invariant models,
the spatial part of (117) with variables (xˆi, pˆi) is now trivial, so one recovers a trivial Euclidean
phase space. The nontrivial brackets only appear when time-like and space-like parts of the phase
space are mixed.
So we have shown that the Galilei-invariant Snyder phase space is derived from the Carrollian
algebras c
(3+1)
Λ , in the sense that the spacetime coordinates are identified with the translation
generators over the space C3+1Λ and the momenta are just the Beltrami coordinates on such space.
Conversely, the Carroll-invariant Snyder phase space is derived from the Galilean algebras n
(3+1)
Λ ,
in the sense that the spacetime coordinates are identified with the translation generators over the
space N3+1Λ and the momenta are the Beltrami coordinates on such space. The reason for this
mixing-up of the two limits of the Lorentzian model when going from the kinematical groups to the
phase space can be traced back to the fact that in this procedure we are effectively interchanging
the role of coordinates and translations, since we identify spacetime coordinates with translations
and momenta with Beltrami coordinates. This kind of duality 8 is exactly what links the Galilei
and Carroll limits of the Lorentz symmetries. To see this, it suffices to compare the action of Galilei
and Carroll boosts over noncommutative coordinates and momenta, eqs. (111) and (119), which
we report here for convenience:
Galilei boosts
[Kˆi, xˆ
0] = 0, [Kˆi, xˆ
j ] = −i~ δij xˆ0,
[Kˆi, pˆ0] = i~ pˆi, [Kˆi, pˆj ] = 0 ,
Carroll boosts
[Kˆi, xˆ
0] = −i~xˆi, [Kˆi, xˆj ] = 0,
[Kˆi, pˆ0] = 0, [Kˆi, pˆj ] = i~ δij pˆ0 ,
(122)
(note that this is also the action of Galilei and Carroll boosts over a standard phase space with
commutative coordinates and momenta).
Equivalently, this interchange between kinematical symmetries can be understood by looking
at the Snyder boost generators in their original form (14), which is optimized to perform the
8Note that this is not the well-known Galilei-Carroll duality presented in [37], which refers to the dual geometric
roles played by the Galilean time and the Carrollian time in a Bargmann group context.
25
non-relativistic limit c→∞ once the physical boosts Ki =Mi/c are considered (see (47))
lim
c→∞Ki = limc→∞Mi/c = limc→∞
(
pi x
0 +
1
c2
p0 x
i
)
= pi x
0, (123)
thus leading to the Galilean boosts. On the other hand, the c→ 0 limit can be performed once the
physical boosts are defined as Ki = cMi (see (88)) since
lim
c→0
Ki = lim
c→0
cMi = lim
c→0
(
c2 pi x
0 + p0 x
i
)
= p0 x
i. (124)
From these expressions it becomes evident that the flip between Galilean and Carrollian boosts
found in this paper is a consequence of interchanging the roles of space coordinates and mo-
menta. This is an essential feature in the Snyder construction which, while being innocuous for the
Lorentzian models, has relevant implications in their Galilean and Carrollian counterparts.
6 Concluding remarks
In this paper we brought to a deeper understanding the relationship between the Snyder model for
noncommutative spacetime (and the associated deformed phase space) and projective geometry,
and uncovered unexpected properties of its Galilean and Carrollian limits.
It was previously understood that Lorentz invariance of the Snyder model is achieved thanks
to the fact that spacetime coordinates can be identified with the noncommutative translation
generators over an (Anti-)de Sitter manifold and momenta with the Beltrami projective coordinates
on the same manifold, so that the curvature parameter of the manifold becomes the spacetime
noncommutativity parameter. However, the possibility of using other curved manifolds, invariant
under different kinematical groups, in order to construct new noncommutative spacetimes with the
corresponding symmetry has never been explored before.
Here we took on this endeavour to explore the Galilean (c → ∞) and Carrollian (c → 0) lim-
its of the Snyder model. The main results we obtained are displayed in table 1. For each group
of relativistic symmetries (Lorentzian, Galilean and Carrollian) we constructed the corresponding
Snyder phase space algebra (first column of the table), invariant under the rotation and boost
generators of the given kinematical group (second column of the table). The Snyder–Galilean
and Snyder–Carrollian phase spaces are obtained, respectively, as the c → ∞ and c → 0 limit of
the Snyder–Lorentzian one. Upon analysing the relationship of the Snyder–Galilean and Snyder–
Carrollian models to the projective geometry of curved manifolds, we found that indeed invariance
under the Galilean and Carrollian boosts and rotations, respectively, can be ascribed to the under-
lying curved momentum space structure, upon which coordinates generate translations.
In particular, the momenta of the Snyder–Galilean phase space are the Beltrami projective
coordinates of a curved Carroll manifold (and noncommutative spacetime coordinates are the gen-
erators of translations over such a manifold), while the momenta of the Snyder–Carrollian model are
the Beltrami projective coordinates of a Newton–Hooke manifold (and noncommutative spacetime
coordinates are the generators of translations over such a manifold), see third column of the table.
This exchange of the Galilean and Carrollian limits when going from the phase space picture to the
projective geometry picture is due to the exchanged role of coordinates and momenta: coordinates
in the projective geometry picture become momenta in the phase space picture and vice-versa.
While the algebra of boosts and rotations is actually the same in the Galilei and Carroll groups of
symmetry (compare the entries in the second column of the table), what changes is the action of
the generators on phase space. Indeed, the action of the Galilei boosts on coordinates corresponds
to the action of Carroll boosts on momenta, and vice-versa (see again the second column of the
table and eq. (122)).
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As a byproduct of our investigations, we uncovered previously unknown properties of the non-
relativistic Snyder model. This had usually been defined in analogy to the non-relativistic limit of
special relativity, where time is absolute, by restricting the Lorentzian model to the space part of the
phase space, thereby obtaining a noncommutative space with rotational invariance and an “absolute
time” which is completely disentangled from space. This corresponds to what we have called the
Snyder–Euclidean model. We found that this is not the appropriate c → ∞ limit of the Snyder–
Lorentzian model. In fact, the noncommutativity parameter (or, equivalently, the momentum
space curvature parameter) generates a residual mixing between space and time coordinates in the
Galilean limit. This is such that, even though the time coordinate is left invariant by Galilean
boosts, still it has a nontrivial commutator with spatial coordinates (a similar, but complementary,
effect is found in the Carroll limit, where absolute space has a nontrivial commutator with time).
This residual space-time noncommutativity in the non-relativistic limits is especially relevant in
the context of the studies on the Generalized Uncertainty Principle (GUP) [5, 6, 43], which we
mentioned in the introduction. In fact, in light of our results, applications of the GUP to non-
relativistic physical frameworks cannot simply consider an Euclidean noncommutative spacetime,
but must take into account the deformed time-space commutator. We defer to future work the
investigation of the implications of this observation to current constraints on GUP and minimal-
length scenarios.
In these concluding remarks we would like to place the residual space-time mixing in the non-
relativistic limit within a more general quantum gravity perspective. Recall that the Chern–Simons
approach to non-relativistic quantum gravity in (2+1) dimensions was developed in [44, 45] by
considering a non-trivial two-fold central extension of the Galilei and Newton–Hooke Lie algebras
[32, 33] (on the other hand, for an example of deformed Carroll particle emerging from (2+1) gravity
see [46]). In this context, the time-space noncommutativity also appears in the noncommutative
spacetimes obtained when constructing the corresponding (2+1)D Galilean and Newton–Hooke
models. In contrast to the Snyder–Galilean and Snyder–Carrollian models presented in this paper,
within such (2+1)D models with quantum group invariance the time xˆ0 does commute with the
noncommutative space coordinates, but nevertheless the commutation rule between space operators
does contain the time coordinate. Explicitly, the noncommutative spacetime that arises in these
quantum double models is [36]
[xˆ1, xˆ2] = z fΛ (xˆ0) , [xˆ1, xˆ0] = [xˆ2, xˆ0] = 0, (125)
where fΛ (xˆ0) is a formal power series of the ‘time coordinate’ xˆ0 whose Galilei (zero curvature)
limit Λ→ 0 is linear in xˆ0, hence it does not vanish. Therefore, an “absolute time” foliation seems
to survive, but the model is characterized by an explicit interplay between time and space which is
controlled by the Planck scale parameter z. Moreover, another well-known noncommutative space-
time model with quantum group invariance is provided by the Galilean limit of the κ-Minkowski
noncommutative spacetime, which reads [47]
[
xˆ0, xˆi
]
= −1
κ
xˆi, (126)
where κ is the Planck mass. This κ-Galilei spacetime is indeed closer to the models presented
in this paper, in the sense that time and space coordinates no longer commute, although it has
to be stressed that in (126) the noncommutative spacetime coordinates do generate a subalgebra,
whereas this is not the case for the Snyder–Galilean models in (109).
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Table 1: Summary of the Snyder phase spaces constructed in this paper. There are two models for each possible
group of kinematical symmetries (Lorentzian, Galilean and Carrollian), one for each sign of the momentum space
curvature parameter Λ. For each of these models we report the deformed phase space algebra (first column), the
algebra of transformation generators under which the phase space is invariant, together with the action of the
symmetry generators on the phase space (second column) and finally the geometry of the manifold whose Beltrami
projective coordinates constitute the momenta of the deformed phase space (third column). Note that the Snyder–
Euclidean model is not displayed since it can be straightforwardly inferred by restricting the Snyder–Lorentzian model
to the spatial part.
Snyder–Lorentzian model (SL±)
Phase Space Algebra Phase Space Symmetries Momentum Space
[xˆ0, xˆi]= i~Λ Kˆi [xˆ
i, xˆj ]= i~Λ ǫijkJˆk
[xˆ0, pˆα]= i~
(
δ0α−
Λ
c2
pˆ0pˆα
)
[xˆi, pˆ0]= i~Λ pˆ0pˆi
[xˆi, pˆj ]= i~ (δij + Λ pˆipˆj) [pˆα, pˆβ]= 0
[Jˆi, Jˆj ] = i~ ǫijkJˆk [Jˆi, Kˆj ] = i~ ǫijkKˆk
[Kˆi, Kˆj ] = −i~
1
c2
ǫijkJˆk
Λ > 0 : SO(4, 1)/SO(3, 1)
Λ < 0 : SO(3, 2)/SO(3, 1)[Jˆi, xˆ
0] = 0 [Jˆi, xˆ
j ] = i~ ǫijkxˆ
k
[Jˆi, pˆ0] = 0 [Jˆi, pˆj ] = i~ ǫijk pˆk
[Kˆi, xˆ
0] = −i~ 1
c2
xˆi [Kˆi, xˆ
j ] = −i~ δij xˆ0
[Kˆi, pˆ0] = i~ pˆi [Kˆi, pˆj ] = i~
1
c2
δij pˆ0
Snyder–Galilean model (SG±)
Phase Space Algebra Phase Space Symmetries Momentum Space
[xˆ0, xˆi] = i~Λ Kˆi [xˆ
i, xˆj ] = i~Λ ǫijkJˆk
[xˆ0, pˆα] = i~ δ0α [xˆ
i, pˆ0] = i~Λ pˆ0pˆi
[xˆi, pˆj ] = i~ (δij+ Λ pˆipˆj) [pˆα, pˆβ] = 0
[Jˆi, Jˆj ] = i~ ǫijkJˆk [Jˆi, Kˆj ] = i~ ǫijkKˆk
[Kˆi, Kˆj ] = 0
Λ > 0 : C
(3+1)
+ /ISO(3)
Λ < 0 : C
(3+1)
− /ISO(3)[Jˆi, xˆ
0] = 0 [Jˆi, xˆ
j ] = i~ ǫijkxˆ
k
[Jˆi, pˆ0] = 0 [Jˆi, pˆj ] = i~ ǫijkpˆk
[Kˆi, xˆ
0] = 0 [Kˆi, xˆ
j ] = −i~ δij xˆ0
[Kˆi, pˆ0] = i~ pˆi [Kˆi, pˆj ] = 0
Snyder–Carrollian model (SC±)
Phase Space Algebra Phase Space Symmetries Momentum Space
[xˆ0, xˆi] = i~Λ Kˆi [xˆ
i, xˆj ] = 0
[xˆ0, pˆα] = i~ (δ0α− Λ pˆ0pˆα) [xˆi, pˆ0] = 0
[xˆi, pˆj ] = i~ δij [pˆα, pˆβ] = 0
[Jˆi, Jˆj ] = i~ ǫijkJˆk [Jˆi, Kˆj ] = i~ ǫijkKˆk
[Kˆi, Kˆj ] = 0
Λ > 0 : N
(3+1)
+ /ISO(3)
Λ < 0 : N
(3+1)
− /ISO(3)[Jˆi, xˆ
0] = 0 [Jˆi, xˆ
j ] = i~ ǫijkxˆ
k
[Jˆi, pˆ0] = 0 [Jˆi, pˆj ] = i~ ǫijk pˆk
[Kˆi, xˆ
0] = −i~ xˆi [Kˆi, xˆj ] = 0
[Kˆi, pˆ0] = 0 [Kˆi, pˆj ] = i~ δij pˆ0
28
Acknowledgments
This work has been partially supported by Ministerio de Ciencia, Innovacio´n y Universidades
(Spain) under grant MTM2016-79639-P (AEI/FEDER, UE), by Junta de Castilla y Leo´n (Spain)
under grants BU229P18 and BU091G19. The authors acknowledge the contribution of the COST
Action CA18108.
References
[1] H. S. Snyder, “Quantized space-time,” Phys. Rev. 71 (1947) 38 doi:10.1103/PhysRev.71.38.
[2] D. Amati, M. Ciafaloni and G. Veneziano, “Can spacetime be probed below the string size?,”
Phys. Lett. B 216 (1989) 41 doi:10.1016/0370-2693(89)91366-X.
[3] K. Konishi, G. Paffuti and P. Provero, “Minimum physical length and the gen-
eralized uncertainty principle in string theory,” Phys. Lett. B 234 (1990) 276
doi:10.1016/0370-2693(90)91927-4.
[4] L. J. Garay, “Quantum gravity and minimum length,” Int. J. Mod. Phys. A 10 (1995) 145
doi:10.1142/S0217751X95000085 [gr-qc/9403008].
[5] A. Kempf, G. Mangano and R. B. Mann, “Hilbert space representation of the minimal
length uncertainty relation,” Phys. Rev. D 52 (1995) 1108 doi:10.1103/PhysRevD.52.1108
[hep-th/9412167].
[6] C. Quesne and V. M. Tkachuk, “Lorentz-covariant deformed algebra with minimal length,”
Czech. J. Phys. 56 (2006) 1269 doi:10.1007/s10582-006-0436-4 [quant-ph/0612093].
[7] S. Das and E. C. Vagenas, “Universality of quantum gravity corrections,” Phys. Rev. Lett.
101 (2008) 221301 doi:10.1103/PhysRevLett.101.221301 [arXiv:0810.5333 [hep-th]].
[8] I. Pikovski, M. R. Vanner, M. Aspelmeyer, M. S. Kim and C. Brukner, “Probing Planck-
scale physics with quantum optics,” Nature Phys. 8 (2012) 393 doi:10.1038/nphys2262
[arXiv:1111.1979 [quant-ph]].
[9] L. N. Chang, D. Minic, N. Okamura and T. Takeuchi, “Effect of the minimal length uncertainty
relation on the density of states and the cosmological constant problem,” Phys. Rev. D 65
(2002) 125028 doi:10.1103/PhysRevD.65.125028 [hep-th/0201017].
[10] K. Nozari, V. Hosseinzadeh and M. A. Gorji, “High temperature dimensional reduction
in Snyder space,” Phys. Lett. B 750 (2015) 218 doi:10.1016/j.physletb.2015.09.014
[arXiv:1504.07117 [hep-th]].
[11] S. Meljanac, S. Mignemi, J. Trampetic and J. You, “UV-IR mixing in nonassociative
Snyder φ4 theory,” Phys. Rev. D 97 (2018) 055041 doi:10.1103/PhysRevD.97.055041
[arXiv:1711.09639 [hep-th]].
[12] S. Mignemi, “The Snyder model and quantum field theory,” Ukr. J. Phys. 64 (2019) 991
doi:10.15407/ujpe64.11.991 [arXiv:1911.06127 [hep-th]].
[13] F. Girelli and E. R. Livine, “Scalar field theory in Snyder space-time: alternatives,” JHEP
1103 (2011) 132 doi:10.1007/JHEP03(2011)132 [arXiv:1004.0621 [hep-th]].
29
[14] S. Mignemi, “Classical and quantum mechanics of the nonrelativistic Snyder model,” Phys.
Rev. D 84 (2011) 025021 doi:10.1103/PhysRevD.84.025021 [arXiv:1104.0490 [hep-th]].
[15] L. Lu and A. Stern, “Snyder space revisited,” Nucl. Phys. B 854 (2012) 894
doi:10.1016/j.nuclphysb.2011.09.022 [arXiv:1108.1832 [hep-th]].
[16] B. Ivetic´, S. Mignemi and A. Samsarov, “Spectrum of the hydrogen atom in
Snyder space in a semiclassical approximation,” Phys. Rev. A 93 (2016) 032109
doi:10.1103/PhysRevA.93.032109 [arXiv:1510.06196 [hep-th]].
[17] J. M. Le´vy-Leblond, “Une nouvelle limite non-relativiste du groupe
de Poincare´,” Annales de l’I.H.P. Physique the´orique 3 (1965) 1
http://www.numdam.org/item/AIHPA_1965__3_1_1_0/
[18] E. Bergshoeff, J. Gomis and G. Longhi, “Dynamics of Carroll particles,” Class. Quant. Grav.
31 (2014) 205009 doi:10.1088/0264-9381/31/20/205009 [arXiv:1405.2264 [hep-th]].
[19] J. Hartong, “Gauging the Carroll algebra and ultra-relativistic gravity,” JHEP 1508 (2015)
069 doi:10.1007/JHEP08(2015)069 [arXiv:1505.05011 [hep-th]].
[20] B. Cardona, J. Gomis and J. M. Pons, “Dynamics of Carroll strings,” JHEP 1607 (2016) 050
doi:10.1007/JHEP07(2016)050 [arXiv:1605.05483 [hep-th]].
[21] E. Bergshoeff, J. Gomis, B. Rollier, J. Rosseel and T. ter Veldhuis, “Carroll versus Galilei
gravity,” JHEP 1703 (2017) 165 doi:10.1007/JHEP03(2017)165 [arXiv:1701.06156 [hep-th]].
[22] J. Gomis, A. Kleinschmidt, J. Palmkvist, P. Salgado-Rebolledo, “Newton–
Hooke/Carrollian expansions of (A)dS and Chern–Simons gravity,” JHEP 2020 (2020)
009 doi:10.1007/JHEP02(2020)009 [arXiv:1912.07564 [hep-th]].
[23] G. Amelino-Camelia, F. Giacomini and G. Gubitosi, “Thermal and spectral dimen-
sion of (generalized) Snyder noncommutative spacetimes,” Phys. Lett. B 784 (2018) 50
doi:10.1016/j.physletb.2018.07.030 [arXiv:1805.09363 [hep-th]].
[24] B. Ivetic´ and S. Mignemi, “Relative-locality geometry for the Snyder model,” Int. J. Mod.
Phys. D 27 (2018) 1950010 doi:10.1142/S021827181950010X [arXiv:1711.07438 [hep-th]].
[25] E. Inonu and E. P. Wigner, “On the Contraction of groups and their representations,” Proc.
Nat. Acad. Sci. 39 (1953) 510 doi:10.1073/pnas.39.6.510.
[26] F.J. Herranz, M. de Montigny, M.A. del Olmo and M. Santander, “Cayley–Klein al-
gebras as graded contractions of so(N + 1),” J. Phys. A: Math. Gen. 27 (1994) 2515
doi:10.1088/0305-4470/27/7/027.
[27] M. de Montigny, J. Patera and J. Tolar, “Graded contractions and kinematical groups of
space-time,” J. Math. Phys 35 (1994) 405 doi:10.1063/1.530893.
[28] F. J. Herranz and M. Santander, “Casimir invariants for the complete fam-
ily of quasisimple orthogonal algebras,” J. Phys. A: Math. Gen. 30 (1997) 5411
doi:10.1088/0305-4470/30/15/026 [physics/9702032].
[29] F.J. Herranz and M. Santander “Conformal symmetries of spacetimes,” J. Phys. A:
Math. Gen. 35 (2002) 6601 doi:10.1088/0305-4470/35/31/306.
[30] B. Doubrovine, S. Novikov and A. Fomenko “Ge´ome´trie contemporaine, me´thodes et applica-
tions, First Part,” MIR (Moscow) 1982.
30
[31] A. Ballesteros, A. Blasco, F. J. Herranz and F. Musso, “A new integrable anisotropic oscillator
on the two-dimensional sphere and the hyperbolic plane,” J. Phys. A: Math. Theor. 47 (2014)
345204 doi:10.1088/1751-8113/47/34/345204 [arXiv:1403.1829 [nlin.SI]].
[32] H. Bacry and J. Le´vy-Leblond, “Possible kinematics,” J. Math. Phys. 9 (1968) 1605
doi:10.1063/1.1664490.
[33] J. M. Le´vy-Leblond, “Galilei group and Galilean invariance,” Group Theory and
its Applications vol. II, pp. 221–299, Academic Press (London), ed: E. M. Loebl
doi:10.1016/B978-0-12-455152-7.50011-2.
[34] R. Aldrovandi, A. L. Barbosa, L. C. B. Crispino and J. G. Pereira, “Non-
relativistic spacetimes with cosmological constant,” Class. Quant. Grav. 16 (1999) 495
doi:10.1088/0264-9381/16/2/013 [gr-qc/9801100].
[35] F. J. Herranz and M. Santander, “(Anti)de Sitter/Poincare´ symmetries and representations
from Poincare´/Galilei through a classical deformation approach,” J. Phys. A: Math. Theor.
41 (2008) 015204 doi:10.1088/1751-8113/41/1/015204 [math-ph/0612059].
[36] A. Ballesteros, F. J. Herranz and P. Naranjo, “From Lorentzian to Galilean (2+1) gravity:
Drinfel’d doubles, quantization and noncommutative spacetimes,” Class. Quant. Grav. 31
(2014) 245013 doi:10.1088/0264-9381/31/24/245013 [arXiv:1408.3689 [gr-qc]].
[37] C. Duval, G. W. Gibbons, P. A. Horvathy and P. M. Zhang, “Carroll versus Newton and
Galilei: two dual non-Einsteinian concepts of time,” Class. Quant. Grav. 31 (2014) 085016
doi:10.1088/0264-9381/31/8/085016 [arXiv:1402.0657 [gr-qc]].
[38] J. M. Figueroa-O’Farrill, “Kinematical Lie algebras via deformation theory,” J. Math. Phys.
59 (2018) 061701 doi:10.1063/1.5016288 [arXiv:1711.06111 [hep-th]].
[39] S. Mignemi, “Classical and quantum mechanics of the nonrelativistic Snyder model in
curved space,” Class. Quant. Grav. 29 (2012) 215019 doi:10.1088/0264-9381/29/21/215019
[arXiv:1110.0201 [hep-th]].
[40] S. Mignemi, “Classical dynamics on Snyder spacetime,” Int. J. Mod. Phys. D 24 (2015) 1550043
doi:10.1142/S0218271815500431 [arXiv:1308.0673 [hep-th]].
[41] B. Ivetic´, S. Meljanac and S. Mignemi, “Classical dynamics on curved Snyder space,” Class.
Quant. Grav. 31 (2014), 105010 doi:10.1088/0264-9381/31/10/105010 [arXiv:1307.7076
[hep-th]].
[42] R. Banerjee, S. Kulkarni and S. Samanta, “Deformed symmetry in Snyder space and rela-
tivistic particle dynamics,” JHEP 0605 (2006) 077 doi:10.1088/1126-6708/2006/05/077
[hep-th/0602151].
[43] S. Mignemi, “Extended uncertainty principle and the geometry of (anti)-de Sitter space,” Mod.
Phys. Lett. A 25 (2010) 1697 doi:10.1142/S0217732310033426 [arXiv:0909.1202 [gr-qc]].
[44] G. Papageorgiou and B. J. Schroers, “A Chern-Simons approach to Galilean quantum grav-
ity in 2+1 dimensions,” JHEP 0911 (2009) 009 doi:10.1088/1126-6708/2009/11/009
[arXiv:0907.2880 [hep-th]].
[45] G. Papageorgiou and B. J. Schroers, “Galilean quantum gravity with cosmological constant and
the extended q-Heisenberg algebra,” JHEP 1011 (2010) 020 doi:10.1007/JHEP11(2010)020
[arXiv:1008.0279 [hep-th]].
31
[46] J. Kowalski-Glikman and T. Trzes´niewski, “Deformed Carroll particle from 2+1 gravity,” Phys.
Lett. B 737 (2014) 267 doi:10.1016/j.physletb.2014.08.066 [arXiv:1408.0154 [hep-th]].
[47] J. A. de Azcarraga, J. C. Pe´rez Bueno, “Relativistic and Newtonian kappa space-times,” J.
Math. Phys. 36 (1995) 6879 doi:10.1063/1.531196 [arXiv:q-alg/9505004].
32
